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1. NHlTNG QUY TAC CHUNG TRONG CHlTNG MINH BAT DANG THlfC 
Slf DUNG BAT DANG THlfC CO SI 

Quy tac song hanh: hau het cac BDT deu co tinh doi xung do do viec su dung cac chung minh mot each 
song hanh, tuan tu se giup ta hinh dung ra dupe ket qua nhanh chong va dinh huong each gia nhanh hon. 

Quy tac dau bang: dau bang “ ~ w trong BDT la rat quan trong. No giup ta kiem tra tinh dung dan cua 
chung minh. No dinh huong cho ta phuong phap giai, dira vao diem roi cua BDT. Chinh vi vay ma khi day cho hoc 
sinh ta ren luyen cho hoc sinh co thoi quen tim dieu kien xay ra dau bang mac du trong cac ki thi hoc sinh co the 
khong trinh bay phan nay. Ta thay duoc uu diem cua dau bang dac biet trong phuong phap diem roi va phuong 
phap tach nghich dao trong ky thuat su dung BDT Co Si. 

Quy tac ve tinh dong thoi cua dau bang: khong chi hoc sinh ma ngay ca mot so giao vien khi mdi nghien 
cuu va chung minh BDT cung thuong rat hay mac sai lam nay. Ap dung lien tiep hoac song hanh cac BDT nhung 
khong chu y den diem roi cua dau bang. Mot nguyen tac khi ap dung song hanh cac BDT la diem roi phai duoc 
dong thoi xay ra, nghTa la cac dau “ = ” phai duoc cung duoc thoa man voi cimg mot dieu kien cua bien. 

Quy tac bien: Co so cua quy tac bien nay la cac bai toan quy hoach tuyen tinh, cac bai toan toi uu, cac bai 
toan cue tri co dieu kien rang buoc, gia tri Ion nhat nho nhat cua ham nhieu bien tren mot mien dong. Ta biet rang 
cac gia tri Ion nhat, nho nhat thuong xay ra d cac vi tri bien va cac dinh nam tren bien. 

Quy tac doi xung: cac BDT thuong co tinh doi xung vay thi vai tro cua cac bien trong BDT la nhu nhau 
do do dau “ = ” thuong xay ra tai vi tri cac bien do bang nhau. Neu bai toan co gan he dieu kien doi xung thi ta co 
the chi ra dau “ = ” xay ra khi cac bien bang nhau va mang mot gia tri cu the. 

Chieu cua BDT : “ > ”, “ < ” cung se giup ta dinh huong dupe each chung minh: danh gia tu TBC sang TBN va 
ngupc lai 

Tren la 5 quy tac se giup ta co dinh huong de chung minh BDT, hoc sinh se thuc su hieu dupe cac quy tac tren qua 
cac vi du va binh luan d phan sau. 

2. BAT DANG THlfC CO SI 

(CAUCHY) 

1. Dang tong quat (n so): Vxi, x 2 , x 3 .x n > 0 ta co: 


# D ^ n § 1: 1 \ - l X 2 . 

. x n 


• Dang 2: X l +X 2 + . X n > n njx y X r ... 

. x n 


( X +X ? + . x n Y 

• Dang 3: 1—--1 > Xj X 2 .... 

. x n 



.. = x n 


He qua 1: 



Ngu: Xj+X 2 +. + X n =S = const thi: 

Afox(P = x 1 x 2 . 

.*"H£) 

khi Xj = X, 

2 . Xn ~n 


He qua 2: 

Ngu: XjX 2 . x n =P = const thi: 

Min^S = x x +x 2 . 

.. + X 2 ) = «^P 


khi Aj = X 2 = . = X n = ! s[P 


Dang cu thi ( 2 sd, 3 sd): 
n = 2: V x, y > 0 khi do: 

n = 3: V x, y, z > 0 khi do: 

2.1 

x+ y**>^ 

2.2 x + y > 2 Jxy 

x + _y + z>3 %Jxyz 

2.3 (^) 2 ^ 

l x+ y +z ) 3 >xy Z 

2,4 ( x+yf>4xy 

(x+y+zf >27 xyz 
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2.5 


I + I>^ 

x y x+y 
-w (x+yf 


I + I + I>- 

x y 

1 ^ 


x+y+z 
_ 4 

xyz~ (x + y + zf 


Binh luan: _ 

• De hoc sinh de nho, ta noi: Trung binh cong (TBC) > Trung binh nhan (TBN). 

• Dang 2 va dang 3 khi dat canh nhau co ve tam thuong nhung lai giup ta nhan dang khi sir dung BDT Co Si: (3) 

danh gia tir TBN sang TBC khi khong co ca can thirc. 


3. CAC KY THUAT Stf DUNG 

3.1 Danh gia tir trung binh cong sang trung binh nhan. _ 

| Danh gia tir TBC sang TBN la danh gia BDT theo chieu “ > Danh gia tir tong sang tich. 

Bai 1: Chimg minh rSng: [a 2 +b 2 ^{b 2 +C 2 +a 2 j > Sa 2 b 2 C 2 \/a,b,c 

Giai 

Sai lam thucmg gap: 

Sir dung: V x, y thi x 2 - 2xy + y 2 = ( x- y) 2 > 0 <=> x 2 + y 2 > 2xy. Do do: 
a 2 +b 2 >2ab 

b 2 +c 2 >2bc => (a 2 +b 2 ^b 2 + c 2 )(c 2 +a 2 ^)>8a 2 b 2 c 2 Ma,b,c (Sai) 
c 2 +a 2 >2ca 

( 2>-2 

Vi du: l 3 > -5 => 24 = 2.3.4 > (-2)(-5).3 = 30 ( Sai ) 

[4> 3 

Loi giai dung: 

Sir dung BDT Co Si: x 2 + y 2 > 2. Jx 2 y 2 = 2|xy| ta co: 
a 2 +b 2 >2|a6|>0 

b 2 + c 2 > 2\bc\ > 0 => {a 2 + b 2 ^{b 2 + c 2 )(c 2 + a 2 j > 81 a 2 b 2 c 2 | = 8 a 2 b 2 c 2 \/a,b,c (Dung) 
c 2 + a 2 >2\ca\>0 

Binh luan: _ 

• Chi nhan cac ve cua BDT cimg chieu (ket qua dupe BDT cimg chieu) khi va chi khi cac ve ciing khong am. 

• Can chu y rang: x 2 + y 2 >2 ^X 2 y 2 = 2|xy| vi x, y khong biet am hay duong. 

• Noi chung ta it gap bai toan sir dung ngay BDT Co Si nhu bai toan noi tren ma phai qua mot va phep bien doi 
den tinh huong thich hop roi mod sir dung BDT Co Si. 

• Trong bai toan tren dau “ > ” => danh gia tir TBC sang TBN. 8 = 2.2.2 gpi y den viec sir dung bat dang thirc 
Cosi cho 2 s6, 3 cap s6. 

Bai 2 : Chimg minh rang: |\[a + yfb^ > 64 ab(a + b) 2 V a,b > 0 

Giai 

[4a+4b^ =^>/a+>/6j j = [(a+b)+2yfab~^ > ^2^2[a+b)4ab J =2 4 .2 2 .ab.(a+b^ = 

= 64 ab(a+b) 2 

Bai 3: Chimg minh rang: (1 + a + b)(a + b + ab) > 9ab V a, b > 0. 

Giai 

Ta co: (1 + a + b)(a + b + ab) > VjUib. 3.ZlaJxab=9ab 


Binh luan: 
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• 9 = 3.3 ggi y su dung Cosi cho ba so, 2 cap. Moi bien a, b duoc xuat men ba lan, vay khi su dung Co Si cho 

ba s6 se khu duoc can thuc cho cac bien do. _ 

Bai 4: Chung minh rang: 3a 3 + 7b 3 > 9ab 2 V a, b > 0 

Giai 

Ta co: 3a 3 + 7b 3 > 3a 3 + 6b 3 = 3a 3 + 3b 3 + 3b 3 > 3^3 3 a 3 b 3 = 9ab 2 

Binh luan: 


• 9ab 2 = 9.a.b.b => god y den viec tach hang tu 7b 3 thanh hai hang tu chua b 3 de khi ap dung BDT Cosi ta co b 2 . 
Khi da co dinh hudng nhu tren thi viec tach cac he so khong co gi kho khan. 


I 1 + a + 1 + b + 1 + C + 1 + d 


CMR : abed < — 

81 


Tu gia thiet suy ra: 


U - J_] 


VJ-l+l 

\—C\ 

V 1 +b) 


v 1 + c) 1 

v l + </J 


bed 

f6)(l + c)(l + J) ' y ' 


1 +a 3 |(l+Zt)(l+c)(l+t/) ° 


>3 J - - ->0 

1 +c ^(l + £/)(l + c)(l + a) 


a)(l+b)(l+c)(l+d) (l+a)(\+b)(l+c)(\+d) 


^(l+a)(l+Zt)(l+c) 


abed < — 

81 

Bai toan tong quat 1: 

(x, X,, X,,. 


Cho: \ 111 1 CMR : X.X.X,.X<- jr 

|l + Ij l + ^ 2 1 + Ij \ + X n ' ' 

Binh luan: _ 

• Doi vod nhung bai toan co dieu kien la cac bieu thuc doi xung cua bien thi viec bien doi dieu kien mang tinh 
doi xung se giup ta xu li cac bai toan chung minh BDT de dang hon 


a,b,c> 0 
a+b+c = 1 


fl 1 

Y 1 i 

Vi .)■ 

ya 

JU _1 . 

Jl c~ l r 


T rrji /i\ 1 -a 1 -b 1 -c b + c c+a a + b C 4 S1 2 4bc 24ca 24ab 0 

VI K 1) =- —r— •-=-^ -•— t —•-= 8 (dpcm) 

a b c a b c a b c 

Bai toan tong quat 2: 


Cho: | 

\x v X 2 , x 3 ,. 

., x >0 fi Yi 

CMR : —-1 —- 

V1 ^ 

-1 —-1 

' i _ 

X 

1 >(n 


|x 1+ x 2 +x 3 +.... 

.... + X n = 1 ^ ){x 2 

Jl x 3 J 

U 

) 
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1 


Dau“ = ”xayra <=> b = [ci—b^ — 

4 


- <=> a = 2 va b = 1. 


Bai 4: CMR: a + - 


(a~b)(b + 1) 


b[a-b) 

>3 V a>b>0 


(i) 


Vi hang tii dau chi co a can phai them hot de tach thanh cac hang tii sau khi sir dung BDT se nit gon cho 
cac thura so duoi mau. Tuy nhien bieu thiic duoi mau co dang (a — b^(b + 1) (thura so thii nhat la mot da thiic bac 
nhat b, thvra so 2 la mot thiic bac hai cua b) do do ta phai phan tich ve thanh tich cua cac da thiic bac nhat doi voi b, 
khi do ta co the tach hang tur a thanh tong cac hang tii la cac thvra so ciia mau. 

Vay ta co: (a — b^(b + 1) = (a - b)( b + 1)( b + 1) => ta phan tich a theo 2 each sau: 

2a +2 = 2(a - b) + (b + 1) + ( b + 1) hoac a +1 = -&) + + 

Tur do ta co (1) tvrong duong : 

4 I u \ b +1 , b +1 4 

- h ) + — + — + 


vt + l = a +1 + - 


-*)(*+!) 


Cosi 

> 4 


^b+lb+l 


a-b){b+\){b+l) 


a-i>)(i>+l)(6+l) 
= 4 => DPCM 


2a 3 +1 
4 b(a-b) 


>3 V 


K 


Nhan xet: Duoi mau so b(a-b) ta nhan thay b + (a-b) = a. Chuyen doi tat ca bieu thiic sang bien a la 1 dieu 
mong muon vi viec sii li voi 1 bien se don gian hon. Bien tich thanh tong thi day la mot mat manh cua BDT Cosi. 
Do do: 


Ta co danh gia ve mau so nhu sau: 4 .b[ci — b^ < 4.| 

2a 3 + 1 C° si 2tf 3 +l a 3 +a 3 +1 


Vay: 


Dau “ = ” xay ra <=> •! 

\a = 




1 Cosi 1 

= a + a + — > 3?a.a.— -3 
a V a 


Trong viec xii li mau so ta da svr dung 1 ky thuat do la danh gia tur TBN sang TBC nham lam triet tieu bien b. 
Doi voi phan thiic thi viec danh gia mau so, hoac tii so tvr TBN sang TBC hay ngupc lai phai phu thuoc vao | 
ddu ciia BDT. 


Bai 6: Bai toan tong quat 1. 

Cho: Xj > X 2 > X 3 >. ,X n >0val <ksZ . CMR: 

1 


a [a-a. 


[a. -a. 


(n-l}k + 2 

" M k+2 i 
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1 


vt =a n +(a 1 -a 2 )+(a 2 -a 3 )+ . +(a n _ 1 -a n )+— - 

a n {a-c 

(a,-a.) (a-aA (a ,-a„) (a ,-a„) 

= a + v 1 27 +..+ v 1 2/ +..+^^- ———4 
k k k k 

k 


>[(n-l)A: + 2]|«4^2ja 
(«-l)£ + 2 


(a x -a 2 ) (p-a,) (a n] -a n ) (a n ] -a n ) 


k a n {a x -a 2 ) (a 2 -a 3 ) ~{a n _ l -a n ) 


Tom lai: Trong ky thuat tach nghich Mo ky thuat can tach phan nguyen theo mau so de khi chuyen sang TBN thi 
cac phan chira bien so bi triet tieu chi con lai hang so. 

Tuy nhien trong ky thuat tach nghich dao doi vai bai toan co dieu kien rang buoc cua an thi viec tach nghich 
dao hoc sink thu&ng bi mac sai lam. Mot ky thuat thuang duac sir dung trong ky thuat tach nghich dao, danh gia tir 
TBN sang TBC laky thuat chon diem red. 

3.3 Ky thuat chon diem roi 

Trong ky thuat chon diem roi, viec sir dung dau “ trong BDT Cosi va cac quy tac ve tinh dong thdi cua 
dau “ = ”, quy tac bien va quy tac doi xung se duoc su dung dc tim diem roi cua bien. 

Bai 1: Cho a > 2 . Tim gia tri nho nhat (GTNN) cua S = Cl + — 


1 


Sai lSm thutmg gap cua hoc sinh: S = Cl + — > 2. a —=2 


> vo li vi gia thiet la a > 2. 


Dau “ = ” xay ra » a = —< 

a 

Cach lam dung: 

Ta chon diem roi: ta phai tach hang tu a hoac hang tu — de sao cho khi ap dung BDT Cosi dau “ = ” xay ra khi a = 

a 

2. Co cac hi nh there tach sau: 

( 1 ) 


1 1 

— a; — 

a a 


l 

f 1 

aa; — 

\ a 

(N. 

.(• 


Chang han ta chon so do diem roi (1): 

(so do diem roi (2), (3), (4) hoc sinh tu lam) 


( 2 ) 

(3) 

(4) 

a \ 3a . 


1 2 

— a = — 
I a a 

M_ = J_ 

\a 2 


1 = 1 
a 2 


> a = 4. 


c w . un . 0 a 1 3a . , 3.2 5 , 11 „ , 

Vay ta co: o = — + — + — > 2 J—— + — > 1 + = — . Dau = xay ra <=> a = 2. 


Ta su dung dieu kien dau “ = ” va diem roi la a = 2 dua tren quy tac bien de tim ra a = 4. 

6 day ta thay tinh dong thdi cua dau “ = ” trong viec ap dung BDT Cosi cho 2 so — — va dat gia tri ldn I 

4 a 4 1 

nhat khi a = 2, tuc la chung co cung diem roi la a = 2. 
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Bai 2: Cho a > 2. Tim gia tri nho nhat cua bieu there: S — Cl + ri- ; 

a 2 

Giai 

\ a 2 


So 1 do chon dilm roi: | a = 2 | = 


I a a 

ul«i 

[a 2 4 


1 = 1 
a 4 


Sai lam thuong gap: 

1 (a 1 

a 1 8 + a 2 


c ,1 fa l) 7a. 0 a 1 la 2 7a. 2 7.2 2 7 9 0 9 

S=a+—= -+— +—>2. -,^+—=^+—>^=+—==+-=- =>MinS =* —- 
18a 2 8 ^ 8 |2 8 4 4 4 4 


6a c ° si ~ a a J_ 6a _ 3 6a ^ 3 6.2 _ 9 
° - W 8'8V + T _ 4 T _ 4 T~4 


Nguyen nhan sai lam: 

9 . 

Mac du chon diem roi a = 2 va MinS = — la dap so dung nhung each giai tren da mac sai lam trong viec danh gia 

2 2 2 

mau so: Neu a > 2 thi ,— > - = =- la danh gia sai. 

&a V8T 4 

Be thuc hien ldi giai dung ta can phai ket hop voi ky thuat tach nghich dao, phai bien doi S sao cho sau khi su dung 
BBT Cosi se khu het bien so a d mau so. 

Loi giai dung: S-a+\ = \ + H 

a 2 {8 8 a 1 ) 

9 

Voi a = 2 thi Min S = — 

4 

\a,b,c> 0 111 

Bai 3: Cho \ T . Tim gia tri nho nhat cua S = a + b + C + — + -= + — 

a + Z> + c<| ' a b c 

Giai 

Sai lam thuemg gap: 

S = a+b+c+ —+=+—> 6? a Ac. —= 6 => Min s = 6 
a b c v a b c 


Nguyen nhan sai lam : 

111 3 

Min S = 6 <=> d = b = C — — = -=- = — = 1 => a+b + C = 3> — trai voi giai thiit. 

a b c 2 

Phan tich va tim toi loi giai: 


Bo S la mot bieu thuc doi xung voi a, b, c nen du doan MinS dat tai diem roi a — b — C - 


\a = b = c = 


So 1 d6 dilm roi: a =b = C = ^ = 


Hoac ta co sn do diem roi sau: 


aa ab ac a 


1 2 ^ 5=1 =* a=A 


a=b=c=2- 


{ aa = ab = ac = — 

I-I-I-? 

a b c 


>% = 2 •=> a = 4=>i = l => a = 4 
2 2 a 


Vay ta co each giai theo so do 2 nhu sau: 

S = ( 4a+4b + 4c + -+]- + - 
{ a b c 


-3[a+b+c)>6^4a.4bAcX.^X-3[a+b+c 
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>12-3.^ = Vbi Cl=b = C = \ thi MinS = ^ 
2 2 2 2 

\a,b,c> 0 


\a,D,c>v I - r ,- r , - r 

ai4: Cho^ 3 . TimGTNNcua = J« 2 + TT + , Z) 2 +, C 2 + — 

}a+b+c<i V b 2 \ c 2 V « 2 


Sai lSm thubng gap: 


Sz3j.la‘+^+£^+£-3Ja' + £\lP+-l$<*+- 1 


> 3^2^a 2 .p-j|2^6 2 .p-j.^c 2 . Jj-j = 3^ = 3^2 => MinS = 3V2. 

Nguyen nhan sai lSm: 

MinS = 3>/2 <=>t2 = Z? = C = — = i = — = 1 => d + b + C = 3 > -^ trai vbi gia thiet. 

a b C 2 

Phan tich va tim toi loi giai 

Do S la mot bieu thuc doi xung voi a, b, c nen du doan MinS dat tai Cl = b = C = 


fl 2=fe2 =c 2 = ^ 

I 4 1 = A 

I _1___1___1___4 ^ 4~a 
{aa 2 ab 2 ac 2 a 

Loi giai 


a= 16 



*J 17 \ 7 ll6b 2 16b 2 + khl6c 2 16c 2 + J 17 \ 7 h 1 6a 2 16a 2 



3VT7 

2 


Viec chon diem roi cho bai toan tren da giai quyet mot each dung dan vemat toan hoc nhung each lam tren 
tuong doi cong kenh. Neu chung ta ap dung viec chon diem roi cho BDT Bunhiacopski thi bai toan se nhanh 
gon hon dep hon. 

Trong bai toan tren chung ta da dung mot ky thuat danh gia tu TBN sang TBC, chieu cua dau cua BDT khong| 
chi phu thuoc vao chieu danh gia ma no con phu thuoc vao bieu thuc danh gia nam b mau so hay b tu so 


Bai 5: Cho a, b, c, d > 0. Tim gia tri nho nhat cua bieu thuc: 

o a , b , c , d 


b+c+d c+d+a a+b+d a+b+c a b 
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b+c+d + c+d+a + a+b+d + a+b+c 

















Giai 

Sai lam 1 thutmg gap: 





a 

I b+c + d 


1 a 

b+c+d 

= 2 

b + c+d 

a 


b+c + d 

a 


b 

c+d + a 


1 bU 

c+d + a 

= 2 

c+d + a 

+ b 

~ 2 \ 

lc+d + a 

' b 


c 

! a+b+d 

> 7 

1 c 

a+b + d 

= 2 

a+b+d 

c 


l a+b + d 

c 


d 

, a+b+c . 

>2 1 

d 

a+b+c 

= 2 

a + b+c 

d 

~1 

a+b + c' 

d 



Sai lam 2 thutmg gap: 

Sir dung BDT Cosi cho 8 s6: 


S>2+2+2+2=8 


b+c+d c+d+a a+b+d a+b+c 


Min S = 8 <=> 


b + c + d = 3(a + b + c + d) => 1 = 3 => Vo ly. 


S>$, 

\b+c+d' c+d + a' a+b + d' a+b + c 

Nguyen nhan sai lam: 

[a =b+c + d 
| b = c + d + a 
= d + a + b 
j d = a +b + c 
Phan tich va tim toi loi giai 

De tim Min S ta can chu y S la mot bieu there doi xung vdi a, b, c, d do do Min S neu co thudng dat tai “diem roi tu 
do” la:a = b = c = d> O.(noi la diem roi tu do vi a, b, c, d khong mang mot gia tri cu the). Vay ta cho trade a = b = 

4 40 

c = d du doan Min S = — + 12 = -y-. Tir do suy ra cac danh gia cua cac BDT bo phan phai co dieu kien dau 


bang xay ra la tap con cua dieu kien du doan: a = b = c = d>0. 

Ta co so” d6 di§m roi: Cho a = b = c = d > 0 ta co: 

I a _ b _ c _ d _ 1 
b+c+d c+d+a a+b+d a+b+c 3 
b + c+d _ c+d + a _ a+b + d _ a+b+c _ 3 
a b c da 

Cach 1: Su dung BDT Cosi ta co: 

f a +b+c + d ^1 8 b+c + d 

ahX b + C + d+ 9a JaM 9 9a 

abed b+c+d c+d+a a+b+d a+b+c 
b + c+d' c + d + a' a + b+d' a+b + c' 9a ' 9b ' 9c 9 d 

%{b c d c d a a b d a b c\ 

+— -+ —+—+- +—+^-+—+- +—+—+ —+^- > 

9^ aabbbcccdddj 



1 3 0 

- = — => a = 9 
3 a 


+ ^ 19n |f bed c d a a b d a b 19 _40 

_ 3 9' -1 |l v a' a' a'b' b' b' c' c' c' d'd'd J 3 9’ 3 

Vbi a = b = c = d>0thiMin S = 40/3. 


3.4 Ky thuat danh gia tir trung binh nhan (TBN) sang trung binh cong (TBC) 

Neu nhu danh gia tit TBC sang TBN la danh gia voi dau “ > ”, danh gia tic tong sang tich, hieu nom na la thay dau 
“ + ” bang dau “ . ” thi nguctc lai danh gia tic TBN sang trung binh cong la thay dau “ . ” bang dau “ + ”. Va 
ciing can phai chu y lam sao khi bien tich thanh tong, thi tong cung phai Piet tieu het bien, chi con lai hang so. 

Bai 1 : CMR yfab+4cd <^(a + c){b + d ) \/a,b,c,d >0 ( 1 ) 

Giai 
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> --- + - -—-- < 1 Theo BDT Cosi ta co: 

]j(a+c)(b+d ) (a + c)(b+d} 

A{ a b \ if c b X 1 (a + c.b + d'\ 


VT<A +- 


b+c 2 \a+c b+d J 2 \a+c b+c 2 V 


(-1 j = 1 (dpcm) 


Binh luan: 


• Neu giu nguyen ve trai thi khi bien tich thanh tong ta khong the triet tieu an so => ta co phep bien doi tuong 
duong (1) sau do bien tich thanh tong ta se duoc cac phan thuc co cung mau so. 

• Dau “ < ” goi y cho ta neu sir dung BDT Cosi thi ta phai danh gia tir TBN sang TBC 


Bai 2: CMR Jc(a-c)+Jc(b-c)<y[ab v] 


lc(a-c) c(b-c) 

Ta co (1) tuong duong voi: J—-—-—- + J-^— — 1 

Theo BDT Cosi ta co: 


0 

O' 

1 

„ 0 ^ 

A 

r c (a-c)l 

l + I 

£ + (M] 

LU 

1 ab ~ 2| 

6 a J 

r 2 

a b 

2l 


- + -J = l(dpcm) 


Bai 3: CMR l + yjabc < ^(l + a)(l + Z>)(l + c) \/a,b,c> 0 


Ta co bien d6i sau, (1) tuong duong: 

\/l. 1.1 + -\lobe < + + + <=> 3j 


^j(l + tf)(l + Z>)(l + c) ^ (1 + «)(1 + ^)(1 


BDT Cosi ta co: 

+—1—r—+—+—i= i 3=i 

“3[l + a 1 + 6 1 + cJ 3[l + fl 1+6 1 + cJ 3[l+a 1 + 6 1 + cJ 3 

Dau “ = ” xay ra<=>a = b = c>0. 

Ta co bai toan t6ng quat 1: 

CMR:^,fl 2 . a n +^4. b n < ><J(a j +b^[a 2 +b 2 ). [a n +b „) V a t ,b t >0(z = 1,/ 

Bai 4 : Chung minh rang: 1 6ab(a — b) 2 <{a + Zt) 4 \/a,b> 0 


4 ab + (a-b) 2 l _A(a + b) 2 


Taco: \6ab{a -b) 2 = 4.(4aZ>)(a -b) 2 < 4 


a,b,c>0 . , / 7W7 w \ _ 8 

^ ^ Chung minh rang abc[a + bj\b + Cj\C + a j < 


Ta nhan thay bieu thuc co tinh doi xung do do dau “ = ” cua BDT se xay ra khi a =b = C = —. Nhung thuc te ta 

chi can quan tam la sau khi su dung BDT Cosi ta can suy ra duoc dieu kien xay ra dau “ = ” la: a = b = c. Do do ta 
co lbi giai sau: 

u t , u\(u , \( , \ c ¥\a+b + c~t\( a + b)+(b + c) + (c+a)~\ f\ Vf2V 8 

abc(a + b)(b + c)(c + a) < —^- ' V 3 - Z = 3 3 =729 
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Trong ky thuat danh gia tic TBN sang TBC ta th&y thucmg nh&n them cac hang so de sao cho sau bien tich thanh 
tong cac tong do triet tieu cac bien. Dae biet la doi vai nhung bai toan co them dieu kien rang buoc cua an so thi 
viec nhan them hang so cac em hoc sinh de mac sai lam. Sau day ta lai nghien cicu them 2 phuomg phap nica do la 
phuong phap nhan them hang so, va chon diem red trong viec danh gia tic TBN sang TBC. Do da trinh bay phuemg 
phap diem rod a tren nen trong muc nay ta trinh bay gop ca 2 phan . 


Ky thuat sic dung Bat dang thicc Co-Si 
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3.5 Ky thuat nhan them hang so trong danh gia tir TBN sang TBC 

Bai 1: Chung minh rang: a^[b — l) + b^a — lj < ab \/a,b> 1 

Giai 

Bai nay chung ta hoan toan co the chia ca 2 ve cho ab sau do ap dung phuong phap danh gia tir TBN sang TBC nhu 
phan trade da trinh bay, tuy nhien d day ta ap dung mot phuong phap mdi: phuong phap nhan them hang so 






Dau “ = ” xay ra <=> 

Binh luan: 


- t 


. ab , ab 7 
< —+— = ab 

2 2 

b = 2 
a = 2 


• Ta thay viec nhan them hang so 1 vao bieu thirc khong hoan toan tu nhien, tai sao lai nhan them 1 ma khong| 
phai la 2. Thuc chat cua van de la chung ta da chon diem roi cua BDT theo quy tac bien la a = b = 1/2, 

Neu khong nhan thirc duoc ro van de tren hoc sinh se mac sai lam nhu trong VD sau. 

Bai 2: Cho | ’ ’ Tim gia tri ldn nhat: S = y/a + b + Jb + C + y/c + a 

[a+b+c = 1 

Giai 

Sai lam thuirng gap: 


= Ja+b)A C < i a * b ) +l 
JbTc= ^+4l c < ^ + 2 C ) +1 =» ^Tb + Jb^+^< 

^41 ^ c+a)+1 


2(a+b+c}+?> 5 

2 = 2 


Nguyen nhan sai lam 

Dau“ = ”xayra<=>a + b = b + c = c + a= l=>a + b + c = 2 traivdigiathiet. 

Phan tich va tim toi loi giai: 

Do vai tro cua a, b, c trong cac bieu thirc la nhu nhau do do diem roi cua BDT se la a=b = C = — tir do ta du 

2 2 

doan Max S = V6 ,=>a + b= b + c = c + a = — => hang so can nhan them la —. Vay ldi giai dung la: 


(a + b) + i 


^ b - “ I 
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=> yjci + b + yjb + C + \jc + Cl 5 = 


fj 2[a+b + c) + 3.~ rj 


a,b,c> 0 

Bai toan tren neu cho dau bai theo yeu cau sau thi hoc sinh se co dinh huong tot hon: Cho < Chung 

\a + b + c = 1 


minh rang: S = y/a + b + yjb + C + yjc + a < y[6 . Tuy nhien neu nam dupe ky thuat diem roi thi viec viet dau 
bai theo huong nao cung co the giai quyet duoc. 

fO<X<3 

Bai 3: Cho \ Tim Max A = (3 - x )(12 - 3y)(2x + 3y) 

[0< jp<4 


a 4(6-2*)(12-3^)(2* + 3^) ?' (6-2x) + (12-3y) + (2x + 3y)1 =3g 


Dau “ = ” xay ra « 6 -2x = 12 - 3y = 2x + 3y = 6 <=> 

Binh luan: 


Viec chon diem roi trong bai toan nay doi voi hoc sinh thubng bi lung tung. Tuy nhien can cu vao yeu cau khi 
danh gia tit TBN sang TBC can phai triet tieu het bien cho nen can cu vao cac he so cua tich ta nhan them 2 
vao thira so thu nhat la mot dieu hop ly. 


Bai 4: Cho x, y > 0. Tim Min f(x, y) = 


(x+y) 

xy 2 

Giai 

1 f 4x+2y+2yf _ 


Ta«,: xf = T(4x)(2y)(2y)<Ti 4x+2 y +2 y j =-L ±{x + y) =^(x+yf 


(x + y) (v + j) 4 

> f( x ,y) = ^ = 

xy 2 ±( x+v \' 27 


Min f(x,y) =— 


Dau “ = ” xay ra <^> 4x = 2y = 2y o y = 2x > 0. Do la tap hop tat ca cac diem thuoc ducmg thang y = 2x voi x 
duong. 

Thuc ra viec de he so nhu tren co the tuy y duoc mien la sao cho khi sau khi ap dung BDT Cosi ta bien tich thanh 
tong cua x + y. ( Co the nhan them he so nhu sau: 2x.y.y). 

Binh luan: 


Trong bai toan tren yeu cau la tim Min nen ta co the su dung ky thuat danh gia tir TBN sang TBC cho phan b 
duod mau so vi danh gia tir TNB sang TBC la danh gia voi dau “ < ” nen nghich dao cua no se la “ > 

Ta ciing co the danh gia tir so tir TBC sang TBN de co chieu “ > ” 




Bai toan tong quat 1: 


[X l +X 2 +X . 

... + X n 

cho x l ,x 2 ,x 3 . x 4 >0. Tim Min f = ± - 2 3 

a V x 2 - a V- 

n ) 

. x” 


Bai 5: Chung minh rang: yfn<\ + —= (1) V/2G N (jl >1 
yjn 

Giai 


Voi n = 1, 2 ta nhan thay (1) dung. 
Voin>3 taco: 
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yfn = Jyfriy/nA.l .1 < 


yfn + \fn +1 +1 . +1 i — 

;- _ 2yln+ \ n ~ 2 ) n + 2jn _ 


1 + 




Bai toan tong quat 2: 


Chung minh rang: fl + — ] < (l + — ] V m < Yl G N 

l m ) l n ) 

(1) 


Ta bien doi (1) ve bat dang there tuang duang sau: 


i- 


i + i 


k J[l + - 

r=i 


|(l + - 

) .fl + l) 

l.l.l 

ill »v 

' V 


m 

J l m) 

' iTCk ' 




in 



7~ i x / 

✓ 


7 Ta 

n-m 


fi+—V( 

i+- 

1.+ 

! +—] 

+ 1+1+. 

.+1 m\ 1h— \ + n — m 

l m) \ 

m 

J 1 

V m J 


_ { m) 


Binh luan _ 

• Can phai binh luan ve dau “ = trong bai toan tren ta coi 1/m = a the thi khi do dau bang trong BDT Cosi xay 
ra khi va chi khi 1+ a = 1 <=>a = 0. Nhung there te thi dieu tren tuong duong vod m tien tod +oo, khi m la huu 
han thi dau “<” la hoan toan dung. Chung ta cung nhan thay neu m tien ra + oo thi hai ve cua BDT cang dan 
tod cung mot gia tri la e (co so ter nhien cua ham logarit). Ta hieu la trong qua trinh nay thi VP tien nhanh hon 
VT nhung sau nay khi tung ra oo thi toe do dan bang nhau va khoang each ngay thu hep.(Muc nay xin chi binh 
luan cung vod cac ban dong nghiep) 


Tom lai: De sic dung BDT Cosi tic TBN sang TBC ta can chit y: Chi so can thicc la bao nhieu thi so cac so hang 
trong can la bay nhieu. neu socac so hang nho horn, chi so can thi phai nhan them hang so de so cac so hang bang 
chi so can 


Bai 6: Cho 


\a,b,c> 0 
[a+b+c = \ 


Tim Max S — yjct~\~b + y/b + C + y/c + Cl 


Sai lam thuung gap: 


^^( a +6).n< t a+ ^ +1+1 

ilbTt = p + c).l.l A b + c ) + l + l 

^T^(c+a).l.l< * C H + 1 + 1 


,- ,- ,_ 2 (a+b + c] + 6 s 

> S = yJa+b+y/b + c + ^Jc + a<— --—- = - = 


Nguyen nhan sai lSm: 


\a+b = 1 

j& + c = l 2{a + b+c) = ?> 2 = 3 => Vo ly 

\c + a = 1 


8 

3 


Phan tich va tim toi loi giai: 

Do S lamot bieu thiic doi xung vod a, b, c nen Max S thubng xay ra tai dieu kien: 
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a,b,c> 0 , 1 

o a=b=c=-■ 
a+b+c = 1 3 


, 2 
a+b= 3 

2 , 2 2 

b + C = — => Vay hang so can nhan them la —. — 


2 2^( a+b ) + 3 + 3 

-• 3 - 3 

2 . 2 


^ b= ]^-]/( a+b )4'' 

Tacoloigiai: ^ = ^ b + c).^ 3 

^ = ^( c+a ^TJ~ 


2 2 ^( c+a )+|+| 


S' = a/a+S + a/S + c + ^/c + a < 3 f^-.— --—-— = 3 /^.^ = VT8 

v 4 3 v 4 3 


Vay Max S = ^/TS . Dau “ = ” xay ra c 


a + b = \ 

u 2 , 1 

o + c = — <=> a=b = c = - 
3 3 


3.6 Ky thuat ghep doi xung 

Trong ky thuat ghep doi xung chung ta can nam dupe mot so kieu thao tac sau: 
12 (x + y + z) = (x + y) + (y + z) + (z + x) 


r , +z = £±Z + £±£ + £±£ 


Phep cong: | 

Phep nhan: x 2 y 2 z 2 = (:xy)(yz)(zx) ; xyz=. N /xy. N /yz\/zx (x, y, z >0) 

Bai 1: Chungminhrang: — + + + S + C \/a,b,C> 0 

a b c 

Giai 

Ap dung BBT Cositaco: 


1 

r bc + ca\ 
K a b) 

2 

1 

r ca ab ^| 

2l 

K b c j 

1| 

Al 

4 

2l 

K a c J 


be ca _ 

U'T = 

ca ab 
b ' c 
I be ab 


be + ca + ab „ 
a b c ' 


Bai 2: Chung minh rang: ^ 


a 2 a b c 

Giai 


\/abc * 0 


Ap dung BDT Cosi ta co: 
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Ua^ b 2 _)> W^L = \9\>a 

2{b 2 c 2 )~ib 2 'c 2 |c| _ c 

lf^l+£l)> fa 2 ° 2 _|^k b a 2 b 2 c 2 >>iLlcLlak b c a 

2 [c 2 a 2 )\c 2 'a 2 \a\~ a ^ b 2 c 2 |&| \c\ a b c 

if —+—]> /Zll-|l|>l 
2 {¥ a^rW'^~\brb 

Bai 3: Cho tam giac AABC, a,b,c la so do ba canh cua tam giac. CMR: 

a) (p-a)(p-b)(p-c)<\-abc ; b) —-— + —+—-— >2\ — + -!- + —) 

yF ,yF ’ 8 p-a p-b p-c [a b cl 


a) Ap dung BDT Cosi ta co: 




Pi^a)(PT)< 


(p-a)+(p~c) _b 


(P~a)(p-b)(p-c)<-abc 


b) Ap dung BDT Cosi ta co: 


2{p-a p-b) (p-a)+(p-b) 

2 

ir i i ^ > i > i 

2yp-b p-c) ( P-b)+{p-c ) 

_I__ > w _ 2. a 


2 [p-a p-c) J(/>-a)(p-c) (p-a)+(p-c) 

, _ 2 

J-+ ' + ^>A + U 1 -) 


p-a p-b p-c ya b c) 

Dau “ = ” xay ra cho ca a) va b) khi vao chi khi A ABC deu: a = b = 


(p la nua chu vi cua tam giac AABC: p = a ~*~ g ) 


Bai 4: Cho A ABC, a, b, c la so do ba canh cua tam giac. Chung minh rang: 

(b + c - a}{c + a-b^a +b -c)< abc 


Ap dung BDT Cosi ta co: 
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, w . (b+c-a] + {c+a-b\ 

0 <(b+c-a}(c + a-b} < ±^= i 

, w , (c+a-b) + (a + b-c\ 

0 <(c+a-b}(a+b-c} < --^- - 1 


0 <(b+c-a}{a+b-c} < 


( b+c-a} + (a + b-c ) 


= b 


0< [b+c-a} (c + a-b j (a + b-c j < abc 

Dau “ = ” xay ra <=> A ABC deu: a = b = c. 
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3.7 Ky thuat ghep cap nghich dao cho 3 so, n so 

Noi dung can nam duoccac thao tac sau: 

l. (x+y + z)f-^+-^+— j>9 \/x,y,z> 0 


ix > +x > + . + H{ + y + - 


..+— ] > n 2 Vx p x 2 ,.,x„>0 


Bail: Chung minh rang : b + C + C + a + a + b \/a,b,C> 0 (1) 

a b c 

Giai 

2+b) 


•I'* 5 ? 


c+a) 


> 9 


( 1+ ^ 

9 <=> + & + —+-^+— ^ > 9 (dpcm) 


Ta bien doi (1) tuong duong: 

a+b+c , b+c+a , c+a+b 

<=> -+- 7 -+- 

a b c 

2 2 2 9 

Bai2: Chung minh rang: -r + T-+->- j - \/a,b,C> 0 

a + b b + c c + a a+b + c 

Giai 

Ta biin doi tuong duong BBT nhu sau: 2la + b + c) \—^- + i—^— + —-—] > 9 
V > {a+b b+c c + aJ 

«[(a+6) + (6+e) + (a+e)] (-L. + ^L- + -L-) > 9 (dpcm) 


Bai 3: Chung minh rang: ——— 7 - + - 7 -^— + ——— \/a,b,C>0 (BDT Nesbit) 

a+b b+c c+a 2 

Giai 

Ta co bien doi tuong duong sau: f 1 + —^-=-1 + f 1 + -r^- — 1 + f 1 + ——— ] > ^ + 3 = % 

{ a+b) { b+c) { c + a) 2 2 

a+b + c) , f a+b+c) , f a + b+c)^ 9 


a+b J { b + c J { c + a 

1 , 1,1 


>_ 
- 2 


( a + b+C \^b + b^ + ^ ~ 2 


[( a+b) + (b+c) + (a+c )] (-i^+^i-+-l-j > 9(dpcm) 


Bai4: Chung minh rang: C +y~~ — + —— yO + b + C^ \/a,b,C> 0 

* * a+b b+c c+a 2 

Giai 


Ta bien doi BDT nhu sau: 


r c+ ^L u a+ o + r fe+ jc y(^ +c) 

^ a+b) { b+c) { c + a) 2 


« cl H-^Vaf l + °Vfcf 1+-*-lfe 3 ( fl+ . fc+C ) 


a + Z> 


fr+c 


(# + & + (?) — 


c | <3 | b ~|^3 (a + b+c) 


+b + b+c + c + a 
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a + b b + c c + a 2 


1 + 


a + b 


+1+ 


b + c 


+U+4-M 

c + a j 2 


[(<,+6) + (6+ C ) + ( fl+C g * 9 


3.8 Ky thuat doi bien so 

Co nhung bai toan ve mat bieu there toan hoc tuong doi cong kenh hoac kho giai, kho nhan biet dupe phuong 
hubng giai,ta co the chuyen bai toan ter tinh the kho bien doi ve trang thai de bien doi hon. Phuong phap tren goi la 
phuong phap doi bidn. 

Bai 1: Chung minh rang: ——r + ~r ~— + ——— \/a,b,C > 0 (BDT Nesbit) 

a+b b+c c+a 2 

Giai 

\b+c = x> 0 

_ y+z-x . b _ z+x-y , c _ x+y-z 
2 ’ 2 ’ 2 

I a+& = z >0 


Dat: ^ c + a = y > 0 <=> a- 


Khi do bat dang there da cho tuong duong voi bat dang there sau: 

0 y+z-x + z+x-y + x+y-z > (y + 


2x 


2y 


hmhk 


-+— 1>6 

z y. 


Bat dang there tren hien nhien dung, That vay ap dung BDT Cosi ta co: 


VT> 2 .- v2 

\x y \x z 

Dau “ = ” xay ra<=>x = y = z<=>a = b = c 


^* + 2.y+- 


2 + 2 + 2=6 


Bai 2: Cho AABC. Chung minh rang: 


a~ 


b 2 


b+c-a c+a-b a+b-c 

Giai 


>a+b+c 


{ b + c-a = x> 0 

7 n y+z r z+x x+y 

c+a-b = y> 0 <=> a = +— —; b = ——; c - ' . 

7 2 2 2 
a+b-c=z>0 

Khi do bat dang there da cho tuong duong voi bat dang there sau: 

(y+zf (z + x) 2 (x+yf 


4x 


4 y 


4 z 


>x+y+z 


( 2 ) 


Taco: VT(2) > £ + “ + 2>I|> + Zf| + 1 |H + V| + I[> + S 
x y z 2^x y) 2^y z) 2( x z 

c > li*j*+ l™]v+ x fy^y=x+y+z 

\ x y ]j y z \ x z 

Bai 3:Cho A ABC. CMR :(b + c- a).( c + a- b ).(a + b - c ) < abc (1) 

Giai 

\b+c-a = x> 0 

7 n y+z 7 z+x x+y 

Dat: \ c + a-b = y>u <^> a = z— —; Z) = ——; c= z . 

, y ^ 2 2 2 
\a+b-c = z> 0 

, , x+y y+z z+x 

Khi do ta co BDT (1) tuong duong voi bat dang there sau: xyz < — ~^z~. —. —-— 
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; • , X+ V V+Z Z+X . I - /- /— 

Ap dung BDT Cosi ta co: 2 ' 2 ' 2 ~ = x 3 ;z (<lP cm ) 

1 1 1 n 

Bai 4: Cho AABC. CMR: - ~ + - T + -^ > 


(p-af (p-bf ( p-c) 2 (p-a)(p-b)(p-c) 

Giai 

f/?-a = x>0 

Bat: \p~b = y >0 thi (1) ^j + ^j + ^2 — ^~L^1 +Z ( 2 ) 

/7-C = Z>0 


(1) 




xyz 


Ta co: 
VT 


_ 1 f 1 , 1 1 f 1 1 1 1 i n ^ ITT IT 

( > 2{x 2 y 1 ) + 2{y 1 z 2 ) + 2{x 1 z 2 ) ~ \jx 2 'y 2+ \jy 2 




_ 1 + 1 + 1 _ x+y+z 

xy yz zx xyz 

Dau “ = ” xay ra<=>x = y = z<=>a = b = c<=>A ABC deu. 

Bai 5: Chung minh rang neu a, b, c > 0 va abc = 1 thi: — -1 H--— < 1 

2+a 2+b 2+c 

Giai 

Bat dang there da cho tuong duong voi: 

I-7—^— + 1 — A~r + 1 — “ 1 « + + 

2 + a 2+b 2+c 2+a 2+b 2+c 

x j y z , -.xyz » 

Bat a - —\b = —;c = —; thoa dieu kien a.b.C = = \ . Bat dang there da cho tuong duong voi: 

y z x y z x 

x y z 1 

- ^ +-— >1 

x+2y y+2z z+2x 

Ap dung bat dang thuc Bunhiacopski ta co: 

(x(x + 2y)+y(y + 2z) + z(z + 2x))yZ_+jZ_ +J Z_j>(x+y + zf 

* fc 


( x+y+z ) 


_ (x+y + z) _ i 


x+2 y y + 2z z + 2xJ ( x ( x +2y) + y(y + 2z) + z(z + 2x)) (x+y + z) 


3.9. MOT SO BAI TAP VAN DyNG 

Ky thuat chon diem roi va danh gia tir TBC sang TBN: 

18 

3.9 .1 Cho a > 6 . Tim gia tri nh d nhat cua bieu there S = a 2 + —M 

sla 

3.9.2 Cho 0 < a < —. Tim gia tri nho nhat cua bieu there S = 2a + — r 

2 ' a 


3.9.3 Cho 


3.9.4 Cho 


a,b> 0 , 1 

, . Tim gia tri nho nhat cua o = ab H — 

a+b< 1 ab 

a,b,c>0 1 

. Tim gia tri nho nhat cua S = abc H--— 

a + b+c< 1 abc 


3.9.5 Cho a, b > 0. Tim gia tri nho nhat cua bieu there S = ,— + 


+b yfab 


4ab a+b 
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3.9.6 


\a,b,c>0 j j j 

Cho \ 3 • Tim gia tri nho nhat cua S = a+b + C + — + — + — 

\a+b+c<- ' a b c 

{ 2 

{ a,b,c> 0 111 

3 . Tim gia tri nho nhat cua S = a 2 +b 2 +C 2 + — + — + — 
a+b+c<— ' a b c 

2 

Cho a, b, c, d > 0. Tim gia tri nho nhat cua bieu there: 

\a,b,c >0 , _ 1 1 1 2 2 2 ^ 0 , 

Cho •< Chung minh rang: S = — + —, r + — + —j - + -— + — >81 

[a+b + c< 1 a b c ab be ca 

Cho { a ’ A ’ C> ° Chvm gm i„hrtn g: S=^ + ^ + C + I + I + I>28 

tH-o + c<l b c a a b c 


Ky thuat chon di§m roi va danh gia tir TBN sang TBC: 

1 (a + b)(l-ab) \ 

3.9.12 CMR: -4-{<4 

2 (l + a 2 )(l+b 2 ) 2 

\a,b,c> 0 . . , , R 

3.9.13 Cho \ Chung minh rang ab + be + Cd — abc <- 

[a + b + c = 1 27 

fa,fr,c>0 . r ^ 7 

3.9.14 Cho < Chung minh rang 16 abc <a + b 

[a + b + c = 1 

Ky thuat chon diem roi va nhan them hang so trong danh gia tir TBN sang TBC 

_ _ L ~ 0 abylc-2+bcyla-3 + cayjb-4 


3.9.15 Cho \ b > 4 Tim Max S 


3.9.16 Cho x, y, z >0. Tim Min f(x, y, z) : 


(.x + y + zf 


3.9.17 Chung minh rang: yfn < 1 + —-== (1) V 1 < n e N 

yjn 

3.9.18 Chung minh rang: S = 1 + \ +.+ J—— <Tl + \ 

V 2 V 3 V n 

3.9.19 ( Goi y: CMR ? < 1 + i) 

V n k 

3.9.20 Cho \ a,b,c ’d >0 Tim Max S = yja+b+c + jb+c + d + Jc+d+a + y/d + a+b 

[a+b+c+d = 1 

\a,b,C,d> 0 „ -rr -r i- ,/rr-7 r- 

3.9.21 Cho -s Tim Max — v2 a + + \J2b + c + v2c + d + y]2d + a 

\a + b + c + d = 1 


3.9.22 Cho a > 2, b> 6; c> 12. Tim Min 5* = 

Ky thuat ghep cap nghich dao cho 3 s6, n s6 


bcy/a-2 + cal]b-6 + ab$Jc-\2 


\a,b,c > 0 1 1 1 9 

3.9.23 Cho ’ CMR: - r + 1 -+- > ^ 

\a+b+c =1 a+b b+c c+a 2 


Ky thuat sit dung Bat dang thirc Cd-Si 




3.9.24 


\a,b,c> 0 1 1 1 „ 

Choi CMR: ————— + ——— r > 9 

[a+b+c< 1 a 2 + 2bc b z + 2ca c z + 2ab 

3.9.25 Cho tam giac ABC, M thuoc mien trong tam giac. Goi MA, MB, MC thu tu giao voi BC, AC, AB 

tai D, E, F. Chung minh: 

. MD ME MF 1 MA MB MC 0 x MA MB MC . , 

a) AT + £B + FC =1; b) A? + £S + FC =2; 0) MD + ME + MF~ 6; 

MAMBMC e) DA + El + ^ MD + ME + MF 

’ MD ME MF MA MB MC ’ MA MB MC 

5. MOT SO tTNG DUNG KHAC CUA BAT DANG THlfC 

Ap dung BDT de giai phuong trinh va he phuong trinh 

Bail: Giaiphuongtrinh yfx + ^Jy — 1 + y/z — 2 = ^(x + y + z) 

Giai 

Dieu kien : x > 0, y > 1 , z > 2. Ap dung bat dang thuc Cosi cho hai so khong am ta co: 




\lz-2 = Alz-2)A< 


(z-2) + l _ z-l 


Suyra: y/X + yjy-l + y/z-2 < — (x + J + zj 

fx = l (x = \ 

Dau “=” xay rakhi va chi khi \y-\= \ <=> s y = 2. 

[z —2 = 1 [z = 3 

Vay phuong trinh co nghiem (x, y, z) = (1; 2; 3) 

Bai2: Giai phuong trinh: yj\ — X 2 +ij\ + X 2 +\j\+ X = 3 


Dieu kien: -1 < x < 1 . Ap dung bat dang thuc Co-si ta co: 


v 1 + x = yV1 + x A< ^ 2 ( 3 ) 

Cong (1), (2), (3) ta dupe: yjl — X 2 + yj\~X + yj\ + X < 1 + y/\ — X + \ll + X 
Mat khac, lai theo bat dang thuc Cosi ta co: 

|,/T^ = #^p<fiz|>±I = 2z£ 

, 2 , 2 => i+vr^+vrT^<i + ^+^=3 

|vrr^=V(i+x).i< (1+ ^ )+1 =^ 2 2 

Tit (4) va (5) suy ra: yj\ — j} + yj\ + X + yj\ + X < 3 


Ky thuat sit dung Bat dang thu c Cd-Si 



I yjl — X — yj 1 + X 
1 — X = 1 <=> X = 0 

1 + X = 1 

Vay phuong trinh co nghiem duy nh at x = 0 
Bai3: Giai phuang trinh: Vx 2 + X-1 + Vx-X 2 +1 =X 2 -X + 2 (1) 

Giai 

f p ~2 - 7 . (x 2 + X - 1) + 1 X 2 + X 

|Vx 2 +x-l<^-2“^— = —^— 


Ap dung bat dang thuc Co-si, ta co: 


i - t ^ (x -^ + 1) + 1 = x -^ + 2 


=> Vx 2 +X-l + Vx-X 2 +l<X + l 
Kdt hop (1) va (2) ta co: x 2 - x + 2 < x +1 <» (x -1 ) 2 < 0 <» x = 1. 
Thu lai ta co x = 1 la nghiem duy nhat cua phuong trinh 


( 2 ) 


. ...... . . \(x-l)4y+(y-\)^ = j2^ 

Bai 4: Giai he phuong tn nh : < 

I Xyjy -1 + yjx -1 = xy 


Dieu kien: x > 1, y > 1. Ap dung bat dang thuc Co-si, ta co: 


AA=VRTu) < kKtfi =£ => ysl^l < f. 


a) 




Tuong tu: 

Cong ( 1 ), ( 2 ) ta dupe X^Jy — l + y^fx — 1 < xy 

fx—1 = 1 


Dau “ = ” xay ra khi va chi khi 


<^>x = y = 2. 


Thu lai thay: x = y = 2 cung thoa man phuong trinh thu nhat cua he 
Vay he co nghiem duy nhat ( 2 ; 2 ) 


Bai 5: Cho so nguyen n >1. Giai he phuong trinh: 


_ 1 

, 2+ il 

1 2 


1 

x, = — 

* 3 + ±l 

2 2 

l X J 

_ 1 


X,! 2 

1‘ xj 


( 2 ) 


Tir he da cho suy ra xi, x 2 , ... , x n la cimg dau. Gia sir x; > 0 voi moi i. Ap dung bat dang thuc Co-si, ta co: 


Xj = — X 2 + — I > 1 .Tuong tu: x ; > 1 voi moi i. 


Cong n phuong trinh cua he theo tung ve ta duoc: 


X. + X. +... + X-+ — +... + — 

xx, x„ 


Vixj> 1 nen x > —voimoii, suyra: X. +X, +... + X — 

' Xj Xj x 2 x n 

Dau “=” xay ra khi va chi khi xj.== x 2 = ... = x n = 1 


Ky thuat su dung Bat dang thirc Cd-Si 
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Bai 6: 


Giai he phuong tri nh : 


2x 2 

1+r 
2 / _ 
1 + / 

2 z 2 

l+z 2 


=y 

= z 


Ro rang he co nghiem x = y = z = 0. Voi x,y,z ^ 0, tir he da cho suy ra x>0, y>0, z>0. Ap dung bat dang thiic Co-si, 
taco: 

l+x 2 >2x=> y = = x 

* l + x 2 2x 

^ 2v 2 . , 2z 2 . 

Tuongtu: z = - 7 < y va X = -- T <z. 

1 + y l + z 

Vay: y<x<z<y, suyrax = y = z. 

Thay y = x vao phuong trinh thii nhat ta duoc: 

2x 2 

-- T = x<^>2x = l + x<^>x = l(vix >0) 

l + x 

Vay he co hai nghiem (x, y, zj = {(0; 0; 0); (1; 1; 1)} 

Bai 7: Tim so nguyen duong n vacac so duong a, = a 2 = ... = a n thoacac dieukien 

faj+a 2 + + a n =2 (1) 

—+ —+....+ —= 2 (2) 

a, a, a n 


Ldy (1) cong (2) v4 theo vd, taduoc: a, +— + a, +— + ..+ a „+— =4 

l a J i " ' 

Ap dung bat dang thiic Co-si, ta co: a t + — > 2 voi i = 1,2, ... 


Suy ra 4 > 2n hay n < 2: 

k=2 


a. + a, = 2 


Voi n = 1: he < 1 vo nghiem; Voi n = 2: he < 1 1 co nghiem ai = a 2 = 1 


- = 2 

Vay: n = 2 va ai = a 2 = 1 


= 2 


Sau day se la mot s6 bai tap tuong tu giiip hoc sinh on luyen kien thiic 

BAI TAP DE HOC SINH VAN DUNG 

1. Giai cac phuang trinh sau: 

a) (x 2 +l)(_y 2 +2)(z 2 +8) = 32x_yz (x,_y,z>0) 

b ) x + V2-x 2 = 4y 2 + 4y + 3 

c) > ■ +''- 1 1225 = 82 - Vx^3 - -ylz- 665 

'**■ A/^3 Va 31 ^|665 

x+l + 4Q>-lMFi + 4 = 10 

2. Giai phuang trinh: 


a) Vx -1 + x - 3 = ^2(x-3) 2 + 2x-2. 

Ay t/mat su dung Bat dang thirc Cd-Si 




b) 


y 


2x+y+z 2y+z+x 2z+x+y 


3 

4' 


3. Giai he phuong trinh: 


2x 2 

l + x 2 


-=y 


3 y 3 


i +y 2+ y 4 

4 z 4 


[ 1+z 2 +z 4 +z 6 

4. Xac dinh so nguyen dmmg n va cac so dmmg x t , x 2 ,... 


fxj+x 2 +...+x n =9 



x n thoa: 


5. Giai he phuong trinh: 


\x+y+z = 1 
|x 4 + y 4 + z 4 = xyz 


Ul + x, + ^l + x 2 

6. Giai he phuong trinh: < 

U\-x l+ J\-x 2 - 



Ky thuat su dung Bat dang thirc Cd-Si 
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